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Abstract 

The operator algebras of a new family of relativistic geometric 
models of the relativistic oscillator [Q] are studied. It is shown that, 
generally, the operator of number of quanta and the pair of the shift 
operators of each model are the generators of a non-unitary represen- 
tation of the so(l,2) algebra, except a special case when this algebra 
becomes the standard one of the non-relativistic harmonic oscillator. 

Pacs: 04.62.-Fv, 03.65.Ge 

1 Introduction 



In the general relativity, the geometric models play the role of kinematics, 
helping us to understand the characteristics of the classical or quantum free 
motion on a given background. One of the simplest (1+1) geometric models 
is that of the (classical or quantum) relativistic harmonic oscillator (RHO). 
Based on phenomenological 0] and group theoretical |P, arguments, this 
has been defined as a free system on the anti-de Sitter static background. 
There exists a (3-1-1) anti-de Sitter static metric which can be restricted 
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to the (1+1) metric given by the hne element 



ds^ = —dt'^ - Y^dx^. (1) 

1 — uo-^x^ (1 — UJ^X'^Y 

This metric reproduces the classical equation of motion of the non-relativistic 
harmonic oscillator (NRHO) of the frequency uj. Moreover, the correspond- 
ing quantum model, represented by a free scalar massive quantum field, has 
an equidistant discrete spectrum with a ground state energy larger, but ap- 
proaching C(j/2 in the non-relativistic limit (in natural units h = c = 1) [Q. In 
a previous article [l[] we have generalized this model to the family of models 
depending on a real parameter A which has the metrics given by 

,9 ,9 ,9 1 + (1 + XWx"^ ,9 1 + (1 + \)U'^X'^ , ^ 

is' = *„di^ + = ;^J^.. it' - ^:^J^^ i-'- (2) 

Here, the parametrization has been defined in order to obtain the exact anti- 
de Sitter metric ([l|) for A = — 1. We have shown |jl| that the quantum models 
with A > have mixed energy spectra, with a finite discrete sequence and 
a continuous part, while for A < these spectra are countable. However, 
despite of their different relativistic behavior, all these models have the same 
non-relativistic limit, namely the NRHO. For this reason we shall use the 
name of relativistic oscillators (RO) for all the models with A 7^ —1, under- 
standing that the RHO is only that of the anti-de Sitter metric. 

In this article, we intend to study the operator algebra of the quantum 
RO with countable energy spectra. For these models A < and, therefore, 
it is convenient to denote 

A = — e^, Cj = ecu, (3) 

and to rewrite our previous results in this new notation. We take e > so 
that the pure anti-de Sitter RHO will have e = 1. 

The energy spectra of our quantum models depend on only one quantum 
number [|I|. Therefore, we will have one operator of number of quanta and 
a pair of shift (i.e. raising or lowering) operators. Our main objective is to 
identify the algebra which is linearly generated by these operators. To this 
end, first we show that there exists a natural (holonomic) frame where the 
relativistic energy eigenfunctions coincide with those of the non-relativistic 
Poschl- Teller (PT) system 0, 0. By using their known properties, we shall 
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construct the main operators which act on the one-particle wave functions, 
giving a special attention to the three mentioned ones. The result is that 
for all the RO with e > 0, including the RHO, these are the generators of 
the so(l,2) algebra which has as Casimir operator just the Klein-Gordon 
equation. In the limit e — the so(l, 2) algebra degenerates in the standard 
algebra of the NRHO. 

We start, in the second section, with a short review of the properties of the 
Hilbert space of one-particle states of the free quantum scalar massive field 
in the coordinate representation. In the next section we briefly present our 
previous results concerning the RO, giving the energy levels and the energy 
eigenf unctions with their normalization factors. In the Sec. 4 we show that, 
in the special frame where the metric is the conformal transformation of the 
Minkowski flat metric, the RO generates a relativistic PT problem for which 
the shift operators of the energy basis are known [[7|. Based on these results 
we analyze, in the next section, the operator algebra of the models with 
e > 0, obtaining a non-unitary representation of the so(l, 2) algebra which is 
equivalent to an unitary one. The case of e = is studied in the Sec. 6. 

2 Preliminaries 

Let us consider a static background with the natural frame [t, x) in which 
the metric is g^^{x), with fi, u = 0,1. We shall assume that this is symmetric 
with respect to a; = and we shall denote g = det{g^y). The domain, D, of 
the free motion observed by an observer situated at x = is that bounded 
by the observer's event horizon. In general, this is = (— Xe,Xe) where ±Xe 
are either the finite points where the metric is singular or ±oo in the case of 
the regular metrics. On this domain, we shall define the scalar field of the 
mass m, supposing that this is minimally coupled with the gravitational field 
In the case of static backgrounds the energy is conserved. Therefore, the 
Klein-Gordon equation 



admits a set of fundamental solutions (of positive and negative frequency) of 
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the form 



4*' 



-iEt 



'2E 



Ue{x), 



(-) 



(5) 



These must be orthogonal with respect to the relativistic scalar product 



D 



'99 



00 J* 



(6) 



which, in fact, reduces to the following scalar product of the wave functions 
U 



(f/, U') 



D 



dxfi{x)U*{x)U'{x) 



(7) 



where 

= V^9''. (8) 

Now we observe that, according to (|^), the one-particle state space, H, 
coincides to that of the antiparticle. In the coordinate representation this 
is the space L'^{D,fi) of the square integrable functions with respect to the 
scalar product (H). All these functions must satisfy the condition 



lim U{x) = 



(9) 



which is obvious for Xe = oo- Moreover, when Xe is finite then the metric 
as well as the weight function fi are singular at ±Xe and, consequently, the 
condition is also necessary. A set of wave functions, [/„, n = 0,1,.., 
represents a countable basis in H if these are orthonormal. 



and satisfy the completeness relation 

J2Un*{x)Un{x) 



-6{x — x'). 



(10) 



(11) 



The linear operators on H will be denoted using boldface. They can be 
defined either by giving their matrix elements in a countable basis or as 
differential operators in the coordinate representation. The most general 
differential operator we shall use here will have the form 



(Df/)(x) 



f{x)^ + h{x) 
ax 



U{x) 



(12) 
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depending on two arbitrary real functions / and h. Its adjoint with respect 
to the scalar product (^) is 



D+ = D + i 



/i dx 



(13) 



where 1 is the unit operator. Hereby, we see that for h = dx{fJ'f)/2fi the 
operator D is selfadjoint. 

In general, any (1+1) static background admits a special natural frame, 
{t, x), in which the metric is a conformal transformation of the Minkowski flat 
metric. This new frame can be obtained by changing the space coordinate 

X ^ X = j dxfi{x) + const, (14) 

so that 

^oo(^) = -^11 (^) = \j-9{x) (15) 

and (i{x) = 1. Then, from (^) it results that the momentum operator ~ id^ 
is selfadjoint. The state space H is represented now by L'^{D) where D is 
the domain of the new space coordinate corresponding to D. It is obvious 
that both the spaces L^{D,fi) and L^{D) come from the same coordinate 
representation of the space H since the change of the continuous parameter 
of a generalized basis changes only the normalization scale. 



3 Relativistic oscillators 



Let us first discuss the general case of e > and then turn to the limit 
e — 0. In the frames {t,x), the metrics are given by (0) where we have to 
change the parameters according to (^. For the models with e > these 
metrics are singular at so that D = l/cD). 

The Klein-Gordon equation can be put in the form 

f-(l - Co'x')^^ + u;'x4- + ^T^^] U{x) = (E' - m')U{x) (16) 
while the weight function which defines the scalar product (^ is 

Vl — uj x'^ 
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Since the energy spectrum is countable, the energy eigenf unctions are the 
square integrable solutions of (16). These can be written in terms of hyper- 
geometric functions as [|I| 




where the parameter 



k=- l + Wl + 4 



(19) 



> 1 



is the positive solution of the equation 



k{k-l) 



2 

m 



(20) 



The quantum numbers, Ug = 0,1,2... and s = 0, 1, can be embedded into 
the main quantum number n = 2ns + s. This will take even values if s = 
and odd values for s = 1. Hence, the functions Un{x) are real polynomials of 
the degree n in x, with the factor (1 — u^x^)'^^^, which assures the condition 
(P). The normalization factors can be easily calculated in terms of Jacobi 
polynomials 0. The result is 



where we have used the notation (z)„ = z{z + l)...(z + n — 1). Moreover, the 
normalized energy eigenfuncions can also be written in terms of associated 
Legendre polynomials 

The energy levels result from the quantization condition |jl|. 



(-1) 




{k + s + 2ns)T{k + s + Us) 
r(n, + s + |)r(n, + fc + i) 



(21) 




(22) 



which gives 




n = 0,1,2.... 



(23) 
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for e 7^ 1, and 

En = u}{k + n) (24) 

in the case of the RHO |p, when e = 1. 

We can conclude that our RO with e > are systems of massive scalar 
particles confined to wells. Their properties are determined by three param- 
eters, m, uj and e. This last one is our new parameter which gives the desired 
well width, when the frequecy uj is fixed. It is interesting that all these 

parameters are concentrated in the expression of k so that the eigenfunctions 



ISf ) depend only on a) = ecj and k while the energies (|23| ) involve all of 
them. Thus there is a possibility to have RO with different energy spectra 
but having the same energy eigenfunctions. 



4 The relativistic Poschl- Teller problem 



Now we shall change the space coordinate according to (|1^ where /i is 
given by (|l^). We obtain 

X = — Bxcsmujx. (25) 



In the new frame (t, x) the line element is 

ds^-- 



1 + ^ tan^ uS^ {dt^ - dx^) (26) 
and D = (— 7r/2cj, 7r/2ci)). The Klein-Gordon equation takes the form 

+ tan^ LUX Unix) = [En - m^)Un{x). (27) 



y dxP- 

The second term of its left-hand side can be rewritten using (pO|): 

Vpt{x) = k{k - l)uj^ tan^ ux. (28) 

This will be called the relativistic (symmetric) PT potential since the solu- 
tions (0) in the new variable x, 

Un{x) = Nn^^s'^^'^ cos'' cDx siu"* uxE^—Us, k + s + Us, s + -, siu^ l2}x), (29) 
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coincide with those given by the non-relativistic PT potential VpT/2m. Of 
course, the energies, as well as the significance of the parameters, differ from 
those of the non-relativistic case. 

On the other hand, we know that the functions p9|) represent a complete 
set of orthonormal functions in L'^{D). This means that the set Un, n = 0, 1, .. 
is a countable basis in H, namely the energy basis. Its shift operators 

(A(+)[/„)(a;) = — =[— coscjx— + a)sina;a;(A; + n)]f/„(x), (30) 

(A(_)f/„)(x) = — ■=[cos u X— + u sin ux{k + n)]Un{x) (31) 
Coy 2k dx 



have the action 

A(+)[/„ = CWf/„+i, A(_)f/„ = C(-)f/„_i, (32) 

where 

We note that according to (|I3|) the shift operators are not related between 
them through Hermitian conjugation, i.e. A^-j ^ ^{t)- 

5 Algebra 

5.1 The differential operators 

Let us consider the position and momentum selfadjoint operators, 

{±U){x)=xU{x), {Pu){x) =t^^^, (35) 

in the frame (t, x), with the commutation rule 

[P,X]=il. (36) 
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Then, from p7| ) we see that the energy square operator is 



= m^l + p2 + tan^ c:;X. (37) 



Its form suggests us to introduce the pair of adjoint operators 

1 



1 



uV2k 

which satisfy the commutation relation 



iP + A;cjtanc2;Xj , (38) 
iP + A;c:;tanc:;X) . (39) 



and allow to write 



[a,a+] = l + ^(a+ + a)2 (40) 



= m^l + 2A;t2'2 (a+a+ ^1 ) . (41) 



The commutation relations of E^ with X and P can also be calculated from 
(|36D and ([371) . Another exercise is to replace the position operator by the 
effective position operator 

Xg^ = ltanc2;X (42) 
in order to recover the familiar formulas 

^^/ = ^(^^ + ^)' P = -^^\/f(a+-a). (43) 
ujVZk V ^ 



5.2 The non-differential operators 



However, there are other operators which are not differential. The anal- 
ysis of their structure can be done by using the operators of the standard 
oscillator algebra, a, a+ (with [a, a+] = 1) and N = a"^a, which can be 
defined in the energy basis as follows: 

a+f/„ = Vn + lUn+i, af/„ = v^f/„_i, Nf/„ = nU^. (44) 
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Now the quantization condition ( p2D becomes 

= iu^[{N + klf + (e' - l)k{k - 1)1] 

while the shift operators can be put in the form 

1 



A 



{+) 



A 



(-) 



(cosu)X)a"'' + 



(coscjX)a + 



'sinc:;X)N, 



2k 



'sint:;X)N. 



(45) 

(46) 
(47) 



Furthermore, from Eqs. (^) - ( p^ ) it resuhs that these operators can be 
expressed in terms of the generators of the standard oscillator algebra as 



where 



«;(+)(N) =W7(_)(N 



A(+) = a+W(+)(N), A(_) = W(_)(N)a, 

(N + 2A;l)(N + fcl) 



N + kl 
N + A;l + 1 



2k{'N + kl + 1) 



(48) 



(49) 



Hereby, we obtain the commutation relations 

[A(_), A(+)] = 1 + ^N, [N, A(±)] = ±A(±) 



(50) 
(51) 



and the identity 

2fcA(+)A(_) = N[N + {2k - 1)1] 

which is nothing else than the operator form of the Klein-Gordon equation, 
as it results fom (|30|), (|31|) and (||). 

Let us observe that the operators v^2A;A(+), a/2A;A(_) and N + fcl are 
the generators of a non-unitary representation of the so(l, 2) algebra. This is 
(non-unitary) equivalent with the unitary representation of the lowest weight 
k, which has the generators 

K(+) = Ki + 2K2 = 

= v/2fc(N + fcl)5A(+)(N + A;l)"5 = a+(N + 2A;l)5 (52) 

K(_) = Ki-^K2 = 

= V2A?(N + A;1)5A(_)(N + A;l)~5 = (N + 2A;l)^a (53) 

Kg = N + A;l. (54) 
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The Casimir operator 



Kg'-Ki'-Ks =fc(fc-l)l (55) 

is an alternative form of the Klein-Gordon operator (|51|). 

Finally we must specify that the operators X and P can be expressed 
in terms of a and a"*" by using the Eqs. (|5DD, (^Tj) and (^S|). However, we 
can introduce other coordinate and momentum operators corresponding to 
all the natural frames we desire to choose. Obviously, all these operators are 
analytic functions of X(a, a+) and P(a, a+). Thus it results that the whole 
operator algebra of the RO is freely generated by a and a"*" only. 



6 The limit e 



The case of e = can be solved separately Here we have x = x and 
Xe ^ C)0 so that, in the coordinate representation, H will appear as L'^{R). 
The solutions of the Klein-Gordon equation, 

- ^ + mWU'^ = {E^ - m')Ul (56) 

coincide with the familiar energy eigenfunctions of the NRHO, while the 
energy spectrum is given by 

= + 2mcu(n + ^), n = 0,1,2,... (57) 

On the other hand, we have shown |jl]] that the solutions of our RO are 
continuous in e = in the sense that the limit of the energy eigenfunction (0) 
for e — > 0, calculated up to the normalization factors, gives just the solutions 
of (|5B|). Now we can convince ourselves, that the normalization factors (PT|) 
also behave correct in the limit e — 0, giving the usual normalization factors 
of the NRHO energy eigenfunctions, f/°, which should satisfy {U^,U^,) = 
6nn'- Indeed, by taking into account that in this limit we have a) ^ 0, 
k ^ oo but e^/c m/uj, and by using the asymptotic form of the functions 
T{z) for large 2; 0, we find that 

/mu\i (— l)"''(s + 1 



\imUn{x) = ( ' \ Y (2n, + g)! x 
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e-'"""'/2(vWx)^F(-n„ s + i mcux^) = (58) 



where if„ are the Hermite polynomials and n = 2ns + s as defined above. We 
note that this result justifies the choice of the phase factor (—1)"° of (pi]) . 

The behavior of the energy eigenfunctions suggests us to derive the op- 
erator algebra in the case of e = as the limit of the algebra obtained in the 
previous section. We observe that (N) 1 when e — so that 

lim I \ = lima"^ = a^, lim Ac_^ = lima = a. (59) 



Furthermore, from ( pO]) and ( pID we see that the operators a and a"^ become 
differential operators of the form 

(aC/)(a;) = -^{-^ + ^^^Mx), (60) 
V Zmuj ax 

{a^U){x) = J: (- j- + mLux)U{x). (61) 

\J1mLO dx 

This means that the position and the momentum operators can be written 
as in the non-relativistic case, 

X = ^^(a+ + a), P = -zy^(a+-a). (62) 

Hence, the conclusion is that the so(l, 2) algebra of the models with e > 
degenerates in the usual NRHO algebra when e 0. Simultaneously, the 
Klein-Gordon operator ( |^ ) becomes a+a = N. Thus, for e = the energy 
eigenfunctions as well as the shift operators are the same as those of the 
NRHO. The unique difference is the formula of the energy levels which gives 
the relativistic energy square operator 

= m^l + 2mt<;(N+ ^1). (63) 

and new commutation rules for with X or P. 
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7 Comments 



In this article we have studied the properties of the fundamental solutions 
of the Klein-Gordon equations of the RO by using the traditional methods 
of the coordinate representation. This allowed us to study the form of the 
energy eigenfunctions in two natural frames. The first one, {t, x), is important 
since here the classical equations of motion of the RO look like that of the 
NRHO. This indicates that the physical meaning of the relativistic behavior 
of the RO could be better point out in this frame. The other frame, {t,x), 
offers the advantage of the simplest form of the Klein-Gordon equation (P7|). 
We have shown that for e > this is the relativistic version of the PT system. 
Moreover, we have seen that in the limit e — both these frames coincide 
while the solutions of the Klein-Gordon equation become just those of the 
NRHO. Thus we can conclude that, at least in the frame {t,x), the space 
behavior of the RO remains very closed to that of several non-relativistic 
systems. However, the operators of physical interest have new properties and 
specific and consistent, although quit complicated, commutation relations. 
We must specify that our results concerning the commutation rules of the 
energy, position and momentum operators differ from those predicted in the 
algebraic approach of the RHO 0. What is remarkable here is that we have 
recovered on an other way the so{l, 2) algebra, for all the RO with e > 0, 
so that the Klein-Gordon operator should be just its Casimir operator. As 
mentioned, all these systems are of massive scalar particles confined to wells 
having the width 2/ea; in the frame {t,x) or vr/eo; in the frame {t,x). 

Finally we note that all the results we have obtained could be the starting 
point of the construction of the quantum field theory of the scalar field 0. 
This must be defined on H with values in the field operator algebra by 
introducing suitable creation and annihilation operators. Moreover, all the 
operators we have discussed here will generate the one-particle operators of 
the quantum field theory. Then the physical meaning of these operators 
will be better understood because of the possibility of analyzing their time 
evolution with the help of the Hamiltonian operator. In our opinion, in this 
way one could obtain new answers in some sensitive problems such as that 
related to the definition of the relativistic position and momentum operators. 
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